Abstract. For a relatively prime pair of natural numbers n; u, let
Introduction
Let X 0 be the class of all finitely generated groups with finite commutator subgroups. For each X 0 -group H, the set wðHÞ of isomorphism classes of groups G such that G Â Z G H Â Z is finite, and in [10] it was shown how we can impose a group structure on wðHÞ (see 2.2 below for a description). If H is a nilpotent X 0 -group then the set wðHÞ coincides with the Mislin genus GðHÞ of H. The group structure on wðHÞ has been shown to coincide with the Hilton-Mislin group structure on GðHÞ if H is a nilpotent X 0 -group; see [2] . O'Sullivan [7] showed that for a X 0 -group H, wðHÞ coincides with the restricted genus of H (hence the term genus in the title of the current paper). In this article, eventually we focus on direct products of groups of the type Gðn; uÞ ¼ 3a; b j a n ¼ 1;
for n; u a N with gcdðn; uÞ ¼ 1. Computations of wðHÞ appear in the papers [1] , [4] , [3] , [6] , [7] and [12] for instance. In most of these cited articles the groups in question are in fact direct products of groups of the type Gðn; uÞ. In [4] the group GðHÞ is computed where H is a direct power of a nilpotent group of the type Gðn; uÞ, and the nonnilpotent analogue appears in [12] . In [3] the group GðHÞ is computed for the direct product H of finitely many nilpotent groups of the form Gðn; uÞ. In this paper we do similar computations in the case that H is not necessarily nilpotent. In Section 2 we briefly recall the construction of the genus group. In Section 3 we prove several results on automorphisms of automorphism groups of finite abelian groups. In Section 4 we apply the results from Section 3 to cancellability of direct factors of X 0 -groups. For a X 0 -group G having an abelian torsion radical T G , in Section 5 we observe some results for certain Hall subgroups of T G . In Section 6 our main result, Theorem 6.3, enables us to compute the restricted genus of at least the groups of the form H ¼ Gðn; uÞ Â Gðm; uÞ.
The notion of Nielsen equivalence P will be used in the following context as in [9] . Let A be any finite abelian group, and let k be a natural number which is not less than the Prü fer rank, rankðAÞ, of A. Then on the set of all epimorphisms Z k ! A (which is non-empty by the choice of k) we define a relation by writing h 1 P h 2 if there exists an automorphism f of Z k for which h 2 f ¼ h 1 . We note in particular (see [9] ) that if rankðAÞ < k, then any two epimorphisms Z k ! A are Nielsen equivalent. In particular we have the following result on triviality of the genus.
k , for any finite group T and some homomorphism w : Z k ! Aut T. If the rank of Im w is less than k, then wðGÞ ¼ 0.
Proof. If k ¼ 1 and rankðIm wÞ < k, then Im w ¼ 1 and so G is abelian and therefore wðGÞ ¼ 0. Thus we assume k > 1. Since rankðIm wÞ < k, it follows that any two epimorphism Z k ! Im w are Nielsen equivalent. In particular there exists an epimorphism v : Z k ! Im w and an automorphism a of Z k such that a v ¼ w and for the basis element e k of Z k we have vðe k Þ ¼ 1. From a basic theorem on isomorphisms between semidirect products (see [11, Proposition 2.2] for instance), it follows that
, and by [10, Corollary 6.3] it follows that wðGÞ ¼ 0. r
The genus group
In this section we briefly recall the construction of the restricted genus group from [10] . We also recall a special case constructed in [11] , and rectify an oversight appearing in the latter paper.
2.1 Notation. The isomorphism class of a group H will be denoted by ½H, and the index of a subgroup J of H will be denoted by ½H : J.
If H is a X 0 -group, then the set of all elements of finite order in H is a subgroup, the torsion radical, which will be denoted by T H .
For n a N the quotient group Z Ã n =f1; À1g will be written as Z Ã n =e1.
2.2
The non-cancellation group. Consider any X 0 -group H. It is shown in [10, Theorems 4.1-4.3] that there exists an integer n, depending on ½H, having the following properties.
(a) Given any subgroup J of H such that T J ¼ T H , with ½H : J < l and ½H : J relatively prime to n, then J Â Z G H Â Z.
Let H be the collection of all subgroups J of the mentioned type.
Thus wðHÞ coincides with the (finite) set f½J: J a Hg. Moreover, there is a welldefined surjective function
such that for any k a N with gcdðk; nÞ ¼ 1, we can pick a group J a H with ½H : J ¼ k, and let y 0 ðkÞ ¼ ½J. It is shown in [10] that wðHÞ has a group structure for which y 0 is a homomorphism.
For special subclasses of X 0 -groups there are simpler methods for finding n and ker y 0 . Such methods were developed in [8] and [11] . We wish to point out an oversight in [11, Theorem 2.5], and we present here a corrected version, Theorem 2.3. We also correct the proof of [11, Theorem 2.6] .
We consider a group G ¼ T z w Z k , for any finite group T and some homomorphism w : Z k ! Aut T. We proved in Theorem 1.1 that if the rank of Im w is less than k, then jwðGÞj ¼ 1. If the rank of Im w is k, let t be the greatest common divisor of the orders of invariant factors of Im w, and otherwise let t ¼ 1. For the remainder of this section we consider a group G as above together with the integer t ¼ tðGÞ. (a) Suppose that every prime divisor of jIm wj is a factor of t. If ½G : H is relatively prime to t and
We note that the first condition in assertion (b) of the theorem implies that 
Therefore H is of the form 
The following example shows that the condition on prime factors in Theorem 2.3 (a) is necessary. We show that a subgroup K of H can have index m in H such that m C 1 mod t and can satisfy
We can write these groups as Proof. Recall that we have an epimorphism y 0 : Z Ã n =e1 ! wðGÞ; see 2.2 (c). Since t j n, there is also an epimorphism h :
. Now let r be any integer which is relatively prime to t, and fix any subgroup G ðrÞ of G with ½G : We record the following result [11, Theorem 2.7] describing the kernel of y. The determinant det h of an endomorphism h of a finite abelian group is discussed in [8] . (1) m a ker y; (2) there exists an automorphism l a Aut T such that for the inner automorphism t : v N lvl À1 of Aut T, we have tðIm wÞ ¼ Im w, and for the automorphism l # : Im w ! Im w induced by t, we have det
3 On automorphisms of finite abelian groups
We now prove a result on direct decompositions of automorphisms of direct sums of finite abelian groups. In the first proposition we use the following terminology. Let T 1 and T 2 be finite abelian groups and let T ¼ T 1 a T 2 be their direct sum. For i a f1; 2g, let p i be the projection p i : T ! T i , let s i : T i ! T be the inclusion and for each a a Aut T, let a i be the endomorphism a i ¼ p i a s i of T i . Proposition 3.1. Consider any m; r a N. Let c be any element of N such that every prime factor of m is a divisor of c, and let n ¼ cm. Let T 1 be (a finite abelian group which is also) a free Z n -module of finite rank r, let T 2 be a finite abelian group with mT 2 ¼ 0 and let T ¼ T 1 a T 2 be the direct sum. Then for each a a Aut T and for i a f1; 2g the endomorphism a i of T i is an isomorphism.
Proof. We first consider the case i ¼ 1. Let us denote a 1 by b. Then we have induced homomorphisms a : mT ! mT and b : mT 1 ! mT 1 . In fact, a is an automorphism. We note that there is a commutative diagram as shown below.
In this diagram the horizontal arrows are homomorphisms induced by s 1 (the upper one) and p 1 (the lower one). Each of the groups in the diagram can be seen to be a free Z c -module of rank r. It readily follows that the horizontal arrows are isomorphisms. Since also a is an isomorphism, it follows that b is an isomorphism. We can choose a Z n -basis for T 1 and take the corresponding Z c -basis for mT 1 , and calculate determinants. Then det b ¼ rðdet bÞ, where r : Z n ! Z c is the obvious natural epimorphism. Since b is an isomorphism it follows that det b is a unit in the ring Z c . But then det b is relatively prime to c. Since every prime factor of n is a factor of c, it follows that det b is relatively prime to n. Thus det b is a unit in Z n . So b is an isomorphism. Now we consider the case i ¼ 2. Suppose that x a T 2 and a 2 ðxÞ ¼ 0. Then aðxÞ a T 1 . Let g ¼ p 1 a À1 s 1 . Since a À1 is an isomorphism, it follows that g : T 1 ! T 1 is an isomorphism. Since a À1 ðaðxÞÞ a T 2 it follows that gðaxÞ ¼ 0, and so ax ¼ 0. Since a is an isomorphism it follows that x ¼ 0. Thus a 2 is injective. Since T 2 is finite, the injective self-map a 2 of T 2 is necessarily surjective. r Notation 3.2. (a) Let k be any natural number and let S ¼ f1; 2; 3; . . . ; kg. Fix two sequences of natural numbers, n 1 ; n 2 ; . . . ; n k and u 1 ; u 2 ; . . . ; u k , such that for each i a S, u i is relatively prime to n i . Let T ¼ Q i a S Z n i . For each s a S, let w s be the automorphism of T defined by ðx 1 ; x 2 ; . . . ; x k Þ N ðy 1 ; y 2 ; . .
a S, write t j for the multiplicative order of u j modulo n j , and let t be the greatest common divisor of all of the numbers t j . Then t ¼ tðHÞ, with tðHÞ as defined in Section 2.
(d) We define the elements e 1 ; e 2 ; . . . ; e k a T as follows: for each i a S, e i is the element of Q s a S Z n s such that for the projections q r : Q s a S Z n s ! Z n r we have
We shall compare the normalizer and the centralizer of A. We recall the definitions:
Now, given any l a N Aut T ðAÞ, let l # : A ! A be the function defined by
Then l # a Aut A. In the remainder of this article we focus on groups H of the above form, and use the above notation consistently. We now prove one of the key auxiliary results towards the main theorem. Proof. Consider any l a N Aut T ðAÞ, and let l # be the automorphism of A defined in formula (3A). There exists a k Â k matrix l ij with coe‰cients in Z such that 
Since l a N it follows that lw i l À1 a A for each i. Let us write
Consider the case b ¼ e i . Then from (1) and (2) we obtain
The identities (3) and (4) imply that
Consider the case h ¼ i. From Proposition 3.1 it follows that l ii is a unit modulo n i . Thus we have u a ii i C u i mod n i and so a ii C 1 mod t i . Now we turn to the case b ¼ e l with l A i. We have
Equating the expressions (5) and (6) we find that l ll is a unit modulo n l . So we must have e l ¼ u a il l e l . Therefore u a il C 1 mod n l , and so a il C 0 mod t l . Considering the relevant values a il we conclude that lw i l À1 ¼ w i for each i a S. Therefore l a Z Aut T ðAÞ. r
Application to genus groups
A crucial step in calculating a non-cancellation group lies in determining the kernel of the epimorphism y given in Theorem 2.5. The following concept is useful in identifying cases when y is an isomorphism. Definition 4.1. Let F be a finite group and B an abelian subgroup of Aut F . We say that the pair ðF ; BÞ has the NZ-property if N Aut F ðBÞ ¼ Z Aut F ðBÞ.
In the next result we consider a group G ¼ T z w Z k , where T is any finite group and w : Z k ! Aut T is a homomorphism, and we let t ¼ tðGÞ. Proof. By Theorem 2.6 the kernel of y is generated by the determinants of automorphisms of Im w of the type l # , for elements l a N Aut T ðIm wÞ. If ðT; Im wÞ has the NZ-property, the relevant automorphisms l # always coincide with the identity. Therefore the kernel of y is trivial, and the proposition is true. r Thus from Proposition 3.3 the following can be deduced. 
Hall subgroups
Item 5.1. Let P 1 ; P 2 ; . . . ; P l be any finite sequence of disjoint subsets of primes. For each i, let G i be a finite P i -group and consider the direct product
and followed by the relevant projections it yields homomorphisms
Note that if g : Aut G ! Aut G is an inner automorphism, then g induces automorphisms g i : Aut G i ! Aut G i , in a natural way such that m g ¼ ð Q l i¼1 g i Þ m. Thus we have the following result. Proposition 5.2. Let G be as in Item 5.1 and consider any subgroup J of Aut G. Let g be an inner automorphism of Aut G for which gðJÞ ¼ J. Suppose that for every i, the endomorphism induced by g i on m i ðJÞ is the identity map. Then g induces the identity map on J.
We continue with the conventions of Notation 3.2.
Proposition 5.3. Consider the case k ¼ 2, and suppose that for each prime p dividing n 1 n 2 , the p-part of n 1 is di¤erent from the p-part of n 2 . Then ðT; Im wÞ has the NZproperty.
Proof. In view of Proposition 5.2, it su‰ces to prove the proposition for the case that n 1 n 2 is a prime power. In this case the assertion follows from Proposition 4.3. r Item 5.4. In Theorems 5.5 and 5.6 below, we consider the case k ¼ 2 of the group H described in Notation 3.2 and we require further special conditions, as we stipulate now:
Suppose that n 1 and n 2 can be written in the form n 1 ¼ m 1 q, n 2 ¼ m 2 q where q is relatively prime to m 1 m 2 . In Aut ðZ m 1 Â Z m 2 Þ consider the subgroup B generated by the automorphisms fv 1 ; v 2 g where v 1 : ða; bÞ N ðu 1 a; bÞ and v 2 : ða; bÞ N ða; u 2 bÞ:
Suppose that u 2 C u 1 mod q for some a N, and that the multiplicative orders of u 1 and u 2 mod q coincide. Let r be the multiplicative order of u 1 mod q and s i the multiplicative order of u i mod m i . Let g i ¼ gcdðr; s i Þ.
Theorem 5.5. In the notation of Item 5.4, suppose that g 1 g 2 d 2, and suppose that q is a prime power. If the pair ðZ m 1 Â Z m 2 ; BÞ has the NZ-property, then ðT; Im wÞ has the NZ-property.
Proof. Consider any l a N Aut T ðIm wÞ and let l # be the associated automorphism of Im w. Let z 1 and z 2 be the automorphisms of Z q Â Z q defined by the formulae z 1 : ða; bÞ N ðu 1 a; bÞ and z 2 : ða; bÞ N ða; u 2 bÞ:
Since q and m 1 m 2 are relatively prime, we can regard T as the direct product
# induces an automorphism L 1 on B and also an automorphism L 2 on the projection of Im w in Aut ðZ q Â Z q Þ. By Proposition 5.3 it su‰ces to show that L 1 and L 2 are identity maps. By assumption L 1 ¼ 1. Since q is a prime power, it follows (see [12, Lemma 2 
This equation yields the equations
The first of these yields a C 0 mod r and the second yields a C 1 mod s 1 , so that in particular 0 C 1 mod g 1 . Similarly, arguing in terms of b we derive the congruence 0 C 1 mod g 2 . These two congruences imply that g 1 g 2 ¼ 1 which is a contradiction. This concludes the proof. r Theorem 5.6. Let H be the group constructed as in Item 5.4. Suppose further that r is relatively prime to s 1 s 2 , and let s ¼ gcdðs 1 ; s 2 Þ.
Then there exists l a Aut ðZ n 1 Â Z n 2 Þ such that l normalizes Im w and the automorphism l # of Im w determined by l has determinant D in Z Ã t , with D congruent to 1 modulo s and congruent to À1 modulo r.
Proof. Since ðq; m 1 m 2 Þ ¼ 1, we can write
Henceforth we use the latter direct decomposition. We take l to be the automorphism defined by the rule Now note that the existence of integers i; e; f ; g, such that
and lw 2 l ¼ w
will imply that l # indeed maps Im w to itself, i.e., that l normalizes Im w. We shall prove the existence of such integers i; e; f ; g. Moreover we shall prove that l # induces the identity automorphism on Im w. Since u 2 C u 1 mod q these conditions are equivalent to i C 1 mod s 1 ; i C 0 mod r; e C 0 mod s 2 ; e C 1 mod r;
Since r is coprime to s 1 s 2 (and since is a unit mod r), it follows that such integers i; e; f ; g do exist. Thus l belongs to the normalizer of Im w in Aut ðZ
The determinant D of l # is an element of Z t with D C ig À ef mod t, and it follows that in fact D C 1 mod s and D C À1 mod r. r
Computations
Throughout this section the group H is as in Notation 3.2 (c) but we consider only the case k ¼ 2 and u 2 ¼ u 1 . The common value of u 2 and u 1 is written as u.
Let P be the set of all prime divisors p of jTj and let P 0 be the set of all prime divisors p of jTj such that the p-part of n 1 is not equal to the p-part of n 2 .
On P we define a relation R M P Â P and we use it to define an equivalence relation P, which is similar to a relation defined in [12] . (The relation P is the analogue of connectedness of points in a reflexive binary relational structure by a path; see [5] for instance.) 6.1 Partitioning the set P. For p, q a P, we write ðp; qÞ a R if the numbers jIm ½w : Z 2 ! Aut T fpg j and jIm ½w :
have a common prime factor (where subscripts indicate the relevant primary components of the finite abelian group T). For p; q a P, we write p P q if there exists a sequence of primes p 0 ; p 1 ; . . . ; p r in P such that p 0 ¼ p, p r ¼ q and for each i a f0; 1; . . . ; r À 1g we have ðp i ; p iþ1 Þ a R. Then P is an equivalence relation. Let P 1 be the union of all the equivalence classes X for which X V P 0 A j. Let P 2 ; P 3 ; . . . ; P f be the other equivalence classes.
Note that for each i a f1; 2; . . . ; f g, the Hall P i -subgroup of T is a direct sum Z m 1 Â Z m 2 such that m 1 jn 1 and m 2 jn 2 . Let d i be the greatest common divisor of the multiplicative orders of u modulo m 1 and of u modulo m 2 . Proof. Let K be the kernel of y, and let S be the set of integers m as defined in the theorem. Let J be the subgroup generated by the images in Z First we calculate the group wðL Â H 2 Þ. We observe that P 0 ¼ f2; 11; 23g and P 1 ¼ P. Therefore by Theorem 6.2 we have wðL Â H 2 Þ G Z Ã t =e1. Further we note that t is the lowest common multiple of the natural numbers gcdð16; 8Þ; 9; 5; 6; gcdð5; 1Þ; gcdð1; 11Þ:
So t ¼ 360. Therefore wðL Â H 2 Þ G Z Ã 360 =e1. Now let us calculate wðH 1 Â H 2 Þ. We find that P 0 ¼ f11; 23g. Further we note that P 1 ¼ f11; 23; 5g and P 2 ¼ f2; 7; 3g. Again we find that t ¼ 360.
Thus by Theorem 6.3, the kernel of the epimorphism Z Ã 360 ! wðH 1 Â H 2 Þ is the subgroup of Z Ã 360 generated by the subset fÀ1; xg, where x C þ1 mod 5 and x C À1 mod 72: Therefore x ¼ 71.
